4.2
Algebra of Complex Numbers

Learning Objectives:

e Todefine addition, subtraction, multiplication and division
of complex numbers and to study their properties
AND

e To practice the related problems

Addition and Subtraction

The addition of two complex numbers, z; and z,, in
general gives another complex number. The real
componentsand the imaginary components are added
separatelyin a mannersimilar to the familiar addition of

real numbers.
21 + 25 = (g +iyp) + (g + iy2)
= (%1 + x2) +i(y +¥2)
Forexample,
(B130) % (25 =214V L5026 -7
obtained by addingthe real parts and the imaginary parts.

By straightforward application of the commutativityand

associativity of the real and imaginary parts separately, we

can show that the addition of complex numbers is

commutative and associative.
Zl + EE = ZE + 31
21 ‘I‘(EE +23) = (Zl ‘I‘EE)‘I‘ZB

Thusit isimmaterial in what order complex numbers are
added.



Example: Sum the complex numbers 1 4+ 2{,3 — 4i,—2 + i
Solution Summingthe real terms we obtain
1l =7
And summing the imaginary terms we obtain
2i — A 0=~
Hence
(1+4+20)0+B—-4)+(—2+i)=2—1

The subtraction of complex numbers is very similar to their
addition.In the subtraction of one complex number from
the other, we subtract the real parts and subtract the

imaginary parts. For example,

(2+4+3i))—(4—-51))=2—-4)+((3+5)i=—-2+8i

As in the case of real numbers, if two identical complex
numbers are subtracted then the result is zero.

Multiplication

Complex numbers may be multiplied together and in
general give a complexnumber as the result. The product
of two complex numbers z; and z,, is found by multiplying

them out in full and using i? = —1.
2125 = (%1 +1y1)(x2 + iy,)

= XXy + iX,Y5 + ixo) + 12y, Yo

= (X% — y1¥2) + i(x1y, + x21)



In the multiplication of two complex numbers, we carry
outthe multiplication asif the numbers were ordinary

binomials and replace i% by —1.
(Z430)—50) =8+ 2i—15i* = 8 - Zi—15(—1)
— 23 4+ 2

The multiplication of complex numbers is both

commutative and associative.
Z1Zy — 2324
(3122)33 = 31(2233)
Division
The division of two complex numbers z; and z,, may be

written as a quotientin the component form

z Xy FLY
B0 L %0

Zs o

In order to separate the real and imaginary components of
the quotient, we multiply both numeratorand
denominatorbythe complex conjugate of the
denominator.

£y _ xy+iyy (g +Hiy ) o —iy,)
Zz ;Ez"'f}?z |:_.f2 +f}rzj (,rz_f}rzj

_ e+ )+il—xyy,+a, )

_ X3 XatY1Ya . X1 V2 tX2Yy
X52+y,2 c EEREad

To dividetwo complex numbers, multiply both numerator
and denominatorof the fraction by the conjugate of the

denominator. As an example:

2+3i _ (2+3i)(4+5i) _ 8+22i+15i2 7 221,
4-5i  (4-5i)(4+5i) = 16+25 £1 = &1




If ze C,then Re(z) :? , Im(2) :zz;i

Wehave, z=x+iy=>z=x—1y

Therefore, z+ Z = 2x = 2Re(2)

g —Z =2y =2ilni(z)
+E Loty oo

Thus,Re(z) ==—— , Im(z) ===

z
2 2i

The complex conjugate of the sum (difference) of two
complex numbers is equal to the sum (difference) of their

complex conjugates. i.e.,

zZy+2z,=2; + 2
Z) —Zy = Z; — I

Similarly, the complex conjugate of the product
(quotient) of two complex numbers is equal to the

product (quotient) of their complex conjugates. i.e.,

7175 = 717

Zy Zy

Example: Show that the complex number 2 + 1 and its

conjugate are the roots of the equation x? —4x +5 =0
Solution Forx =2 + i, we have

4 =422 D +5=494>34 -8 —4i 45

=4 1—84+5 =0

Therefore the complex number is a solution of the

equation x%2 — 4x + 5 = 0.
The conjugate of the complex number2 + 1 is 2 —i.
Forx = 2 — i, we have
(Z—i)2—d(Z—i)yEb=4pi®—d] =G5 445
=afe— | @by = )

Thus, the complex conjugate 2 — i of the complex number
2 + i isalso a root of the equation x2 —4x + 5 = 0.



P1:

B i ey .
If sum of the complex numbers i and =gt s DX+ 1)k

then find the values of x and y.



= %+i(§):5x+i.y

Comparingreal and the imaginary parts, we get



P2:

ifgy = 7 =%F % = —3 5 ;25 = 2y~ 11i and

Zy — Zo = Z3,then find x and y.



Solution:
We have, z; =7 —xi, 2z, = —3 +5i, z3 = 2y —11i,
and z; — z, = 25
= (7 —xi) — (=3 + 5i) =2y — 11i
= (74 3)—i(x+5)=2y—11i
— 10 —i(x +5) =2y —11i
Comparingreal and imaginary parts, we get
Zy =10 and —(x15)=-—11
=55l E=s and i+6=11
— = and X = 6
. =6 and y=5



P3:

If the productof (2b+3) +i and 1 —i(a — 2) is 2i, then

find the values of @ and b.



Solution:

We have, [(2b +3) +i][1 —i(a — 2)] = 2i
= (2b+3)—-i(a—2@b+3)+i—1i*(a—2)=2i
= 2b+3)—i(a—2)2b+3)+i+ (a—2) = 2i
= 2b+3+a-2)+i(1—-(a—2)(2b+3)) =2i
= (a+2b+ 1D +i(1-(a—2)(2b+3)) =2i
Comparingreal and imaginary parts, we get
aL2hF1 =0 == =——r— (1)
and 1—(a—2)2b+3)=2 ————— (2)
From (1) and (2), we get
I —{—2h~—~1—2)(2b 1 3) =72
= b*+3b+2=0
= b+1)bB+2)=0
= b=—%orb = —2

f b=-1l,a=-2(-1)—-1=1=a=1,b=-1

f b=-2,a=-2(-2)—1=3=a=3,b=-2



P4:

2451 2—51
3—21 3+21

Evaluate



Solution:

245i 2-5i E+5z‘>(3+21‘ 2—55}(3—25
3—21 I+ 21 3—21 I+21 I+21 3—21
6+19i+10i% 6—19i+10i%
Q—42 g—4;i2
6+19i—10 6—19i—10 -2
_I_ )

0+4 0+ 4 13




Pl

Find the sum of the complex numbers —%+ - | —%i and

1.
73
Solution:

1 1 AT
We have, ——+i,1 —=-iand = — =i
: 5+ + 5 7

(340 -3+ (-39
= (—z+1+43)+i(1-3z-3)

—F43h+5 : 15—3—5)
G [ — L
)+




IP2:

Ifz;, =34+5i ,z, :%—%i , Z3 :%—%iand 7y =5+ 3i,

then find (El 33 23) = (EE -+ 24).

Solution:

: . A kAR
We have, .21—3+51.,32—5 gL . 25 =5 L
and z, =5+ 3i
(zy +23) — (25 + z4)
1 i f

= (34 5i+5—z1)—(5—3i+5+31)

10 24 . 26 A
= (?Jr?*-)—(?ﬁ*-)

10 26 . (24 8
=5 i 5)



IP3:

Simplify (1 —i)3(1 +1).

Solution:

(F -3 (L0 = -39t =i LL1)
=1 +i*-20)(1-i%)
=(1-1-20@+1) [vi%=-1]
= (=2i)2
= —4i



IP4:

. .. 5+4/2i
Find the division: ﬂ—z.

1—+21

Solution:

5+v2i _ 5+v2i  1+42i  5+5v2i+y2i-2 _ 3+6+/2i s
20 1-v2i 2i ——— =———=1+4 2+/2I
1-v2i  1-v2i  1+v2i 1-(v2i) 1+2




1. Multiplythe complex numbers

zi = 3+ 2i and z, = —1 — 4i.



1+3i
2. Represent ;_I

as a complex number.

+1



3—2i
-as a complex number.
l

3. Represent



321

4. Express z in the form x + iy, when z = —




